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DieÔjunsh ErgasÐas

Tomèac Majhmatik¸n
Sqol  Efarmosmènwn Majhmatik¸n kai Fusik¸n Episthm¸n (S.E.M.F.E.)
Odìc Hr¸wn PoluteqneÐou 9, Zwgr�fou 15780, Aj na
e-mail: skaran@math.ntua.gr

Thlèfwno: 210 772 1776

DieÔjunsh oikÐas

RoÔmelhc 84, T.K. 164 51 ARGUROUPOLH
Thlèfwno: 210 9929 487

Proswpik� StoiqeÐa

HmeromhnÐa gènnhshc: 4 MartÐou 1948.
Tìpoc gènnhshc: KardÐtsa, Ell�da.

Uphkoìthta: Ellhnik .
Oikogeneiak  kat�stash: Pantremènoc, me dÔo kìrec.

Ereunhtik� Endiafèronta

Mh autosuzugeÐc 'Algebrec Telest¸n. EP telestèc. Genikeumènoi antÐstrofoi,
poluwnumikèc proseggÐseic antistrìfwn, paragontopoi seic telest¸n. Arij-
mhtik� pedÐa pin�kwn kai telest¸n. Fasmatik  an�lush.

TÐtloi Spoud¸n

6/1978: Master of Science (M.Sc.)(me di�krish) sta Majhmatik�.
'Idruma: Panepist mio tou LondÐnou, King’s Colledge.

6/1981: Didaktorikì DÐplwma sta Majhmatik�.
'Idruma: Panepist mio tou LondÐnou, King’s Colledge.
Epiblèpwn: Kajhght c J. A. Erdos.
TÐtloc: Contributions to Non Self-djoint Operator Algebras.

6/1971: PtuqÐo Majhmatik¸n.
'Idruma: Panepist mio Ajhn¸n, Majhmatikì Tm ma.
Bajmìc: LÐan kal¸c.
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Spoudès MetekpaideÔseis

10/66�06/71: Foitht c tou MajhmatikoÔ Tm matoc tou PanepisthmÐou
Ajhn¸n.

10/77�06/78: Metaptuqiakìc Foitht c (M.Sc.) tou PanepisthmÐou tou
LondÐnou, King’s College.

10/78�06/81: Metaptuqiakìc Foitht c (Ph.D.) tou PanepisthmÐou tou
LondÐnou, King’s College.

To 1966 apofoÐthsa apì to A' LÔkeio KardÐtsac kai ton Ðdio qrìno met� apì epi-
tuqeÐc eisagwgikèc exet�seic gr�fthka sto majhmatikì Tm ma tou PanepisthmÐou
Ajhn¸n
Met� thn ekl rwsh thc stratiwtik c mou jhteÐac (IoÔlioc 1971�IoÔlioc 1973)
ton Ianou�rio 1974 diorÐsthka wc èmmisjoc Bohjìc sthn G' èdra Anwtèrwn Ma-
jhmatik¸n tou E.M. PoluteqneÐou.
Me enne�mhnh ekpaideutik  �deia, pou mou qorhg jhke apì to E.M.P. ton Okt¸-
brio tou 1977, �rqisa ton pr¸to kÔklo twn metaptuqiak¸n mou spoud¸n sthn
AgglÐa (Master of Science). Kat� th di�rkeia aut¸n twn spoud¸n parakoloÔjh-
sa, se di�fora kollègia tou PanepisthmÐou tou LondÐnou ta parak�tw maj mata:

M�jhma Kollègio

1. Topological Groups: King’s College.

2. Operators on Hilbert spaces: King’s College.

3. Mesaure and Integration on locally compact spaces: Birkbeck College.

4. Basic Functional Analyshs: Chelsea College.

5. Compact Convex Sets and Real Banach spaces: Chelsea College.

6. Theory of Probability: Imperial College.

Ton IoÔnio tou 1978 met� apì epituqeÐc exet�seic p ra to ptuqÐo Master of Science
me di�krish. Apì ton Okt¸brio tou 1978 mou qorhg jhke ekpaideutik  �deia gia
trÐa akadhmaðk� èth (Okt¸brioc mèqri IoÔnioc: 1978-79, 1979-80, 1980-81 antistoÐ-
qwc) gia th sunèqish twn spoud¸n mou sthn AgglÐa, sto (Ðdio) Panepist mio tou
LondÐnou. Me supervisor ton Kajhght  J. A. Erdos �rqisa thn ereunhtik  doulei�
sthn perioq  thc JewrÐac Telest¸n kai eidikìtera stic mh autosuzugeÐc 'Algebrec
Telest¸n (Non sel-adjoint operator algebras). S' autì to qronikì di�sthma parako-
loÔjhsa dÔo akìmh maj mata kai arketèc dialèxeic se semin�ria. Sugkekrimèna:
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M�jhma Kollègio

1. Basic Alebra (Prof. McDonald): Queen Mary College.

2. Theory of C* Algebras (Prof Erdos): King’s College.

Semin�ria Dialèxeis

1. Jordan C* Algebras and Complex Analysis (Prof. Upmeies)

2. Almost fixed points (Prof. D.R. Smart)

3. Semigroups of operators (Prof. J. Goldstein)

5. Some invariant subspaces for subnormal operators (Prof. Jellett)

Apì to 1978 kai s' ìlh th di�rkeia tou deÔterou kÔklou twn metaptuqiak¸n mou
spoud¸n (mèqri to 1981) èperna energ� mèroc sto semin�rio pou organ¸nontan
k�je qrìno sto King’s College me jèmata sqetik� me th JewrÐa Telest¸n. Sta
plaÐsia autoÔ tou seminarÐou èdwsa kat� diast mata ept� dialèxeic me jèmata:

Dialèxeis

1. Hp as a Banach space

2. Dissipative semigroups of operators on Hilbert spaces

3. Dissipative semigroups of operators on Banach spaces

4. Approximation of inverses

5. Quasitriangular operators

6. Approximation of inverses

5. The distance to upper triangular operators

Ton AprÐlio tou 1981 upèbala th didaktorik  mou diatrib  sto Panepist mio tou
LondÐnou kai thn upost rixa me epituqÐa ton IoÔnio tou Ðdiou ètouc.
Apì to 1988 mèqri s mera summetèqw sto ereunhtikì semin�rio pou organ¸netai
ston Tomèa thc An�lushc tou Tm matoc Majhmatik¸n tou PanepisthmÐou Ajhn¸n
me jèmata sthn perioq  thc JewrÐac Telest¸n.
Oi did�ktorec tou PanepisthmÐou Ajhn¸n k.k. HlÐac KatsoÔlhc kai Emmanou l
Papad�khc ekfr�zoun ston prìlogo twn diatrib¸n touc tic euqaristÐec touc gia
thn episthmonik  sunergasÐa pou eÐqame sta plaÐsia autoÔ tou seminarÐou.
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UpotrofÐes - DiakrÐseis

1966: A' LÔkeio KardÐtsac.
'Epainoc diìti apofoÐthsa me �rista.

1967�68 kai 1968�69: 'Idruma Kratik¸n Upotrofi¸n.
UpotrofÐa lìgw uyhl c bajmologÐac (8oc ston bajmologikì
kat�logo ìlwn twn Tmhm�twn thc Fusikomajhmatik c Sqo-
l c tou PanepisthmÐou Ajhn¸n to akad. ètoc 1967-68).

6/79�6/81: DieÔjunsh Teqnik c bo jeiac, UpourgeÐou Oikonomi-
k¸n
UpotrofÐa gia sunèqish twn metaptuqiak¸n mou spoud¸n.

Panepisthmiakès jèseis

03/10�s mera: Kajhght c, Sqol  Efarmosmènwn Majhmatik¸n kai Fu-
sik¸n Episthm¸n, E. M. PoluteqneÐo.

06/98�03/10: Anaplhrwt c Kajhght c, Sqol  Efarmosmènwn Majh-
matik¸n kai Fusik¸n Episthm¸n, E. M. PoluteqneÐo.

10/86�06/98: EpÐkouroc Kajhght c, Sqol  Efarmosmènwn Majhma-
tik¸n kai Fusik¸n Episthm¸n, E. M. PoluteqneÐo.

07/82�10/86: Lèktorac, Genikì Tm ma, E. M. PoluteqneÐo.

02/82�07/82: Mìnimoc Epimelht c, E. M. PoluteqneÐo.

01/74�02/82: 'Emmisjoc Bohjìc, E. M. PoluteqneÐo.
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Didaktik  EmpeirÐa

a. Proptuqiakì EpÐpedo:

1974�75�76�77: dÐdaxa tic Frontisthriakèc Ask seic twn A-
nwtèrwn Majhmatik¸n (dietoÔc kÔklou) stouc
Foithtèc A' kai B' ètouc, sqedìn ìlwn twn
Sqol¸n (kuklik�) tou E. M. PoluteqneÐou, me
exaÐresh to akadhmaðkì ètoc 1976-77, ìpou epi-
plèon dÐdaxa kai mèroc thc jewrÐac tou Maj -
matoc {An¸tera Majhmatik� II} (sto earinì
ex�mhno kai to m�jhma {Analutik  GewmetrÐ-
a} (sto qeimerinì ex�mhno).

1981�82 mèqri kai 1992�93: èqw did�xei (autodÔnama) se ìlec tic Sqolèc
tou E.M.P. ìla ta An¸tera Majhmatik� pou
did�skontai sto PoluteqneÐo. Sugkekrimèna:
Diaforikì kai oloklhrwtikì Logismì miac kai
poll¸n metablht¸n, Dianusmatik  An�lush,
Diaforikèc Exis¸seic, Diaforikèc Exis¸seic
me Merikèc Parag¸gouc, Migadik  An�lush,
Diaforik  GewmetrÐa, Grammik  'Algebra kai
Analutik  GewmetrÐa. EpÐshc to kat' epilo-
g n m�jhma {Efarmosmènh Sunarthsiak  A-
n�lush} sth Sqol  Nauphg¸n.

1993�94 kai 1994�95: dÐdaxa sth Sqol  Agronìmwn kai Topogr�-
fwn Mhqanik¸n ta maj mata: Grammik  �lge-
bra kai Analutik  GewmetrÐa, kai Sunart seic
Poll¸n Metablht¸n.

1995�96 mèqri s mera: did�skw sth Sqol  Hlektrolìgwn Mhqani-
k¸n kai Mhqanik¸n Upologist¸n ta maj -
mata: {Grammik  'Algebra} kai {Majhmatik 
An�lush (Sunart seic Poll¸n Metablht¸n,
Dianusmatik  An�lush)}.

2001 mèqri s mera: did�skw sth Sqol  Efarmosmènwn Majhma-
tik¸n kai Fusik¸n Episthm¸n ta maj mata:
{Analutik  GewmetrÐa kai Grammik  'Algebra}
(1o Ex�mhno) kai {JewrÐa Telest¸n} (8o E-
x�mhno).

b. Metaptuqiakì EpÐpedo:

1995�96�97, 1998�99�00�01�02�03: Sto jesmojethmèno Metaptuqiakì Prìgram-
ma {Majhmatik�} FEK 1002/24�9�1998
tou Tomèa Majhmatik¸n, to m�jhma {JewrÐa
Telest¸n}.

2005-06�07�08: Sto jesmojethmèno Diatmhmatikì Prìgramma
Metaptuqiak¸n Spoud¸n {Efarmosmè-
nec Majhmatikèc Epist mec} FEK
1058/27�7�2005 to m�jhma {C* 'Algebrec
kai JewrÐa Telest¸n}.
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EpÐbleyh Didaktorik¸n kai Metaptuqiak¸n Ergasi¸n

09/2001�07/2006: Dhm trioc Papp�c, Didaktorik  Diatrib  me jèma Genikeu-
mènoi AntÐstrofoi kai 'Algebrec Telest¸n, oloklhr¸jhke.

11/2008�s mera: Ajan�sioc Kwstìpouloc, Didaktorik  Diatrib  me jèma
EP Telestèc kai Yeudof�sma, se exèlixh.

2001: D. Papp�c, Metaptuqiak  ErgasÐa me tÐtlo Nest, Nest 'Al-
gebrec kai diag¸nia stoiqeÐa sumpag¸n Telest¸n.

2005: G. A. Afèndrac, Metaptuqiak  ErgasÐa me tÐtlo Nest 'Al-
gebrec kai Trigwnik  Olokl rwsh.

2007: D. A. Kìkkorhc, Metaptuqiak  ErgasÐa me tÐtlo Jèmata
C* Algebr¸n.

2008: A. Kwstìpouloc, Metaptuqiak  ErgasÐa me tÐtlo Genikeu-
mènoi AntÐstrofoi-EP telestèc.

Mèlos trimel¸n epitrop¸n ekpìnhshs Ph.D

2005: Alèxandroc Papp�c, Didaktorik  Diatrib . Jèma: Pleio-
grammikèc ApeikonÐseic kai polu¸numa se q¸rouc Banach,
oloklhr¸jhke.

27/01/2005�... J. Raðkìftsalhc, Didaktorik  Diatrib . Jèma: Melèth idazou-
s¸n dom¸n se q¸rouc Banach.

20/11/2005�... D. T�tarhc, Didaktorik  Diatrib . Jèma: 'Ekrhxh LÔsewn ori-
smènwn mh topik¸n problhm�twn.

09/02/2006�... A. Kabatzikl c, Didaktorik  Diatrib . Jèma: PleiogrammikoÐ
Telestèc se apeirodi�statouc q¸rouc.

12/10/2006�... A. Aret�kh, Didaktorik  Diatrib . Jèma: Fasmatoskopik  A-
n�lush twn Grammik¸n Ekfrazomènwn Pin�kwn.

20/9/2007�... Q. Qwrianìpouloc, Didaktorik  Diatrib . Jèma: Arijmhtik�
PedÐa Telest¸n.



8

Mèlos eptamel¸n epitrop¸n exètashs Ph.D

a. Sto E.M. PoluteqneÐo :

2001: MarÐa Ad�m, me tÐtlo: Arijmhtik� PedÐa Pin�-
kwn Eidik c Morf c.

2003: Pantel c Dodìc - Ntontìc, me tÐtlo: Sumbolèc
sth mh LeÐa kai Pleiìtimh An�lush.

2008: G. PetsoÔlac, me tÐtlo: To je¸rhma KRIVINE
kai q¸roi Banach tÔpou TSIRELSON.

2009: N. PapajanasÐou, me tÐtlo: Fasmatikèc Diata-
raqèc Pluwnumik¸n Pin�kwn.

b. Se �lla Panepist mia:

Pan/mio Ajhn¸n 2007: G. Eleujer�khc, me tÐtlo Anaparast�seic Al-
gebr¸n kai Diag¸niwn ProtÔpwn.
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Mèlos trimel¸n epitrop¸n exèt. Metapt. Dipl. Ergasi¸n.

2002: B. Anagnwstìpouloc, Diplwmatik  Metaptuqiak  ErgasÐa. TÐ-
tloc: Crossnorms kai pleiogrammik  'Algebra.

2005: A. Papp�c, Diplwmatik  Metaptuqiak  ErgasÐa. TÐtloc: Pleio-
grammikèc ApeikonÐseic kai polu¸numa se q¸rouc Banach.

2006: A. Aret�kh, Diplwmatik  Metaptuqiak  ErgasÐa. TÐtloc: L kai
P idiìthtec twn Pin�kwn.

2006: D. DiamantÐdhc, Diplwmatik  Metaptuqiak  ErgasÐa. TÐtloc:
H kurtìthta tou sÔnjetou ArijmhtikoÔ PedÐou Pin�kwn.

2007: A. MpÐntzac, Diplwmatik  Metaptuqiak  ErgasÐa. TÐtloc: To
grammikì Upìdeigma Paragwg c Leontief kai stoiqeÐa GrammikoÔ
UpodeÐgmatoc se apeirodi�statec oikonomÐec

2007: A. AnastasopoÔlou, Diplwmatik  Metaptuqiak  ErgasÐa. TÐ-
tloc: IsorropÐa se paÐgnia pl rouc plhrofìrishc.

2007: E. Kwstìpouloc, Diplwmatik  Metaptuqiak  ErgasÐa. TÐtloc:
Jetikèc B�seic kai Asf�lish QartofullakÐwn.

2008: A-S Alaxandr�tou, Diplwmatik  Metaptuqiak  ErgasÐa. TÐ-
tloc: Dunamik  Antist�jmish Parag ģwn se diakritì Qronikì
orÐzonta.

2008: S. Samar�c, Diplwmatik  Metaptuqiak  ErgasÐa. TÐtloc: Po-
luwnumikoÐ PÐnakec kai Efarmogèc.

Suggrafikì Ergo

'Eqw suggr�yei tèssera (trÐa me �llouc suggrafeÐc) didaktik� biblÐa ta opoÐa, me
apìfash tou Tomèa Majhmatik¸n E.M.P. dianèmontai stouc foithtèc diafìrwn Sqo-
l¸n tou E.M.P.. Dianèmontai epÐshc me antÐstoiqec apof�seic kai se Tm mata twn
PanepisthmÐwn: Stere�c Ell�doc, JessalÐac, Kr thc, AigaÐou kai TEI QalkÐdoc.

Ta biblÐa aut� eÐnai:

1. {Grammik  'Algebra kai StoiqeÐa Analutik c GewmetrÐac} (apì koinoÔ me ton An.
Kajhght  N.Kadian�kh), (1998) selÐdec 431.

2. {An�lush II - Sunart seic Poll¸n Metablht¸n} (apì koinoÔ me touc An. Kajh-
ghtèc N. Kadian�kh kai A. FelloÔrh), (2001) selÐdec 564.

3. {Grammik  'Algebra Analutik  GewmetrÐa kai Efarmogèc} (apì koinoÔ me ton An.
Kajhght  N. Kadian�kh), (2003) selÐdec 565.

4. {JewrÐa Telest¸n kai Efarmogèc}, (2009) selÐdec 262.
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Dioikhtikì Ergo

Sta plaÐsia tìso tou t. GenikoÔ Tm matoc kai thc Sqol c EMFE, ìso kai tou To-
mèa majhmatik¸n èqw plaisi¸sei di�forec Epitropèc eÐte wc mèloc eÐte wc suntoni-
st c. Epiprosjètwc

a. Sth Sqol  EMFE

• Eklègomai epÐ seir� et¸n mèloc thc Genik c Sunèleushc thc Sqol c.

• 'Hmoun mèloc thc Epitrop c Proptuqiak¸n Spoud¸n thc Sqol c kai mèloc thc
Epitrop c sÔntaxhc tou OdhgoÔ Spoud¸n.

b. Ston Tomèa Majhmatik¸n

• 2003-04 kai 2004-05: Dieujunt c tou Tomèa Majhmatik¸n.

• 2005�s mera: Dieujunt c tou D.P.M.S. {Efarmosmènec Majhmatikèc Epist mec}

• EÐmai mèloc thc Epitrop c Metaptuqiak¸n Spoud¸n kai thc Epitrop c Oikonomik¸n.

Ereunhtik� Progr�mmata

1. Episthmonikìc UpeÔjunoc tou Progr�mmatoc Basik c èreunac {PleigrammikoÐ Telestèc,
Genikeumènoi AntÐstrofoi Telest¸n - Arijmhtik� PedÐa Telest¸n}, Prwtagìrac E.M.P.
2004-2006.

2. Mèloc thc ereunhtik c om�dac tou prìgrammatoc {Melèth mh Autosuzug¸n Problh-
m�twn : JewrÐa, Algìrijmoi kai Efarmogèc sth Majhmatik  Fusik  kai sthn Epist -
mh tou MhqanikoÔ}, EPEAEK II, Pujagìrac II, 2005�2007.

3. Mèloc thc ereunhtik c om�dac tou prìgrammatoc {PoluwnumikoÐ Telestèc se Apeirodi-
�statouc q¸rouc}, Karajeodwr , E.M.P. 2007�2009.

Alles Episthmonikès Drasthriìthtes

1. Visiting fellow sto King’s College tou PanepisthmÐou tou LondÐnou (AprÐlioc 1988 ewc
kai AÔgoustoc 1988).

2. Summetoq  sto prìgramma {Majhmatik  upodom  gia th sÔgqronh TeqnologÐa} thc su-
neqizìmenhc ekpaÐdeushc, ìpou dÐdaxa to m�jhma {Grammik  'Algebra kai Efarmogèc}.

3. Summetoq  sto prìgramma {Socrates} antallag c didaktikoÔ proswpikoÔ. SunergasÐa
E.M. PoluteqneÐou kai PanepisthmÐou tou LondÐnou (King’s College).
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Impact Factors 2007 / 2008

Linear Algebra and its Applications: 0.878 /2008

Journal Mathematical Analysis and Applications: 1.046/2008

Linear and Multilinear Algebra: 0.471/2007

Math. Proc.Camb. Phil.: 0.449

Journal London Math. Soc.: 0.733/2007

Proc. Edinb. Math. Soc.: 0.529/2007

Indiana Univ. Math. J.: 0.866/2007

Krit s Episthmonik¸n Periodik¸n

Linear Algebra and its Applications

Diorg�nwsh SunedrÐwn

09/2004: 10o Panell nio Sunèdrio Majhmatik c An�lusic, E-
jnikì Metsìbio PoluteqneÐo. Prìedroc Organwti-
k c Epitrop c
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Parousi�seis se Sunèdria

06/2009: Conference in Mathematical Analysis and its Applications. Nis, Serbia.
TÐtloc: Polynomial approximation of the Moore–Penrose inverse of an
operator (kentrik  omilÐa 40').

07/2008: The ninth Workshop on Numerical Ranges and Numerical radii, Depar-
tment of Mathematics, College of William and Mary.
TÐtloc: A definition of numerical range based on the Birkhoff-James
orthogonality.

04/2008: 12o Panell nio Sunèdrio Majhmatik c An�lusic, Majhmatikì Tm ma,
EKPA
TÐtloc: Quasialgebraic Operators, Capacity and Inverse Approximation

08/2006: 3rd International Conference of Applied Mathematics, Plovdiv, Boul-
garÐa.
TÐtloc: EP Operators and Approximation of generalized inverses.

05/2006: 11o Panell nio Sunèdrio Majhmatik c An�lusic, Majhmatikì Tm ma,
Panepist mio JessalonÐkhc.
TÐtloc: EP operators and generalized inverses.

09/2004: 10o Panell nio Sunèdrio Majhmatik c An�lushc, Ejnikì Metsobio Po-
luteqneÐo.
TÐtloc: Approximation of generalized inverses of normal operators

11/2004: 21o Panell nio Sunèdrio Majhmatik c PaideÐac, EME, TrÐkala.
TÐtloc: Oi apait seic thc Tritob�jmiac ekapÐdeushc kai h ikanìthta twn
neoeiserqomènwn foitht¸n na tic antimetwpÐsoun

09/2002: 9o Panell nio Sunèdrio Majhmatik c An�lushc, PoluteqneÐo Kr thc,
Qani�.
TÐtloc: Arijmhtik� pedÐa telest¸n kai asjeneÐc proseggÐseic

11/1998: 15o Panell nio Sunèdrio Majhmatik c PaideÐac, EME, Qioc.
TÐtloc: H Majhmatik  PaideÐa sto LÔkeio kai oi apait seic tou E.M.
PoluteqneÐou (kentrik  omilÐa)

09/1997: 6o Panell nio Sunèdrio Majhmatik c An�lushc, Panepist mio AigaÐou,
S�moc.
TÐtloc: Triangular integrals and operator factorizations

09/1996: 5o Panell nio Sunèdrio Majhmatik c An�lushc, Panepist mio Kr thc,
Hr�kleio.
TÐtloc: The minimal polynomial of an algebraic operator.

09/1996: Mathematical Analysis and its Applications, E. M. PoluteqneÐo.

08/1996: Aegean Conference on Operator Algebras and Applications. Organwtèc
Panepist mia AigaÐou kai Aj nac, S�moc.
TÐtloc: Some extreme points of certain operator algebras.

07/1996: International Conference of Applied Analysis. Organwtèc ta Panepist -
mia AigaÐou, Ajhn¸n kai to E.M. PloluteqneÐo, S�moc.
TÐtloc: Some applications of Full operators on reflexive Banach spaces.

09/1994: 4o Panell nio Sunèdrio Majhmatik c An�lushc, Panepist mio Patr¸n.
TÐtloc: Operator factorizations with respect to a commutative subspace
lattice of projections
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09/1992: 2o Panell nio Sunèdrio Majhmatik c An�lushc, Majhmatikì Tm ma,
EKPA.

09/1990: 1o Panell nio Sunèdrio Majhmatik c An�lushc, Panepist mio Jessa-
lonÐkhc.
TÐtloc: Partial isometries and extreme points in certain operator
algebras.

08/1985: International Conference in Operator Theory, E.M. PoluteqneÐo.
TÐtloc: Factorization along nest-agebra module.

12/1983: 7th Balcan Congress of Mathematicians, E.M. PoluteqneÐo.

03/2009: HmerÐda Majhmatik¸n, Perifereiak  DieÔjunsh A/b�jmiac kai
B/b�jmiac Ekp/shc BoreÐou AigaÐou.
TÐtloc: Ta Majhmatik� kai oi sÔgqronec exelÐxeic twn Episthm¸n (ke-
ntrik  omilÐa 40')

Episthmonikì Ergo sth BajmÐda

Sth BajmÐda tou Anaplhrwt  Kajhght  to episthmonikì mou èrgo apoteleÐtai
apì:

• Tic dhmosieumènec ergasÐec [D10], [D11], [D12], [D13], [D14] kai [D15].

• Thn upì pretoimasÐa ergasÐa Polynomially approximation of the Moore-Penrose
inverse(prìkeitai na upoblhjeÐ gia dhmosÐeush polÔ sÔntoma. BrÐsketai sto
st�dio thc suggraf c) [D16].

• Th suggraf  dÔo didaktik¸n biblÐwn.

Eteroanaforès

Up�rqoun 21 eteroanaforèc sto dhmosieumèno ereunhtikì mou èrgo, oi opoÐec ana-
fèrontai analutik� ston pÐnaka pou akoloujeÐ.
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Analutikì Upìmnhma Ereunhtik¸n Ergasi¸n

CONTRIBUTIONS TO NON SELF-ADJOINT ALGEBRAS

(Didaktorik  Diatrib )

H didaktorik  diatrib  perièqei apotelèmata pou anafèrontai se di�forouc tÔpouc
mh autosuzug¸n algebr¸n apì telestèc, ìpwc nest �lgebec, hmitrigwnikèc �lge-
brec, oi opoÐec proèrqontai apì autèc, kai eidikèc antimetajetikèc �lgebrec tele-
st¸n. Ousiastik� melet¸ntai tèssera diaforetik� probl mata thc perioq c twn mh
autosuzug¸n algebr¸n telest¸n.

To pr¸to kef�laio eÐnai eisagwgikì kai perièqei gnwstèc genikèc ènnoiec kai
apotelèsmata pou qrei�zontai sth sunèqeia.

Sto deÔtero kaf�laio exet�zetai h �lgebra twn telest¸n pou orÐzontai p�nw
sto q¸ro `2 kai èqoun èna sugkekrimèno sÔnolo dianusm�twn, wc idiodianÔsmata.
Aut  h �lgebra apodeiknÔetai ìti eÐnai isìmorfh me ton `2 kai perigr�fetai pl rwc
apì mia antimetajetik  oikogèneia telest¸n t�xhc èna. To kef�laio oloklhr¸netai
me th melèth twn anaklastik¸n telest¸n pou perièqontai se �lgebrec autoÔ tou
tÔpou.

Sthn pr¸th enìthta tou trÐtou kefalaÐou dÐnontai ikanèc sunj kec gia èna me-
gistikì nest apì analloÐwtouc upoq¸rouc enìc hmiadÔnamou telest , p�nw s' èna
omoiìmorfa kurtì q¸ro Banach, ¸ste na eÐnai suneqèc. Sth sunèqeia, qrhsimopoi¸-
ntac ta apotelèsmata aut�, prosdiorÐzontai ikanèc kai angkaÐec sunj kec ¸ste o
antÐstrofoc enìc telest  T na eÐnai asjenèc ìrio poluwnÔmwn tou T . Epeid  autì
eÐnai isodÔnamo me to na eÐnai o telest c T (n) = T ⊕ T ⊕ T ⊕ · · · ⊕ T (n copies)
pl rhc gia k�je n ≥ 1, dÐnontai ikanèc kai anagkaÐec sunj kec gia ton T (n), ¸ste
na eÐnai pl rhc gia k�je n ≥ 1.

To tètarto kef�laio anafèretai stouc hmitrigwnikoÔc telestèc wc proc èna nest
probol¸n se èna diaqwrÐsimo q¸ro Hilbert. O Halmos to 1966 èjese to er¸thma
an up�rqei telest c T tètoioc ¸ste, wc proc èna dedomèno pl rec nest, oÔte o T
oÔte o suzug c tou T ∗ eÐnai hmitrigwnikoÐ. Sth deÔterh enìthta genikeÔoume ton
orismì thc hmitrigwnikìthtac kai dÐnoume mia pl rh ap�nthsh sto parap�nw er¸-
thma, tìso gia �peira ìso kai gia peperasmèna nest. EpÐshc deÐqnoume ìti k�je
fusiologikìc telest c kai k�je sumpag c diataraq  enìc fusiologikoÔ telest  eÐ-
nai hmitrigwnikìc wc proc k�poio suneqèc nest kai qarakthrÐzoume touc telestèc
pou eÐnai hmitrigwnikoÐ wc proc k�je nest. Thn Ðdia perÐodo o D. Herrero, Arizona
State University genÐkeuse ta pio p�nw apotelèsmata apodeiknÔontac ìti k�je tele-
st c eÐnai hmitritrigwnikìc wc proc k�poio suneqèc nest. Tèloc sthn trÐth enìthta
orÐzoume mia kainoÔrgia kl�sh hmitrigwnik¸n telest¸n wc proc èna nest-�lgebra
prìtupo kai apodeiknÔoume ìti to sÔnolo aut¸n twn hmitrigwnik¸n telest¸n eÐnai
Ðso me to sÔnolo ìlwn twn sumpag¸n diataraq¸n twn telest¸n pou an koun sto
prìtupo.

H ènnoia tou trigwnikoÔ oloklhr¸matoc enìc telest  se ènan q¸ro Hilbert H
wc proc èna pl rec nest, orÐsthke gia pr¸th for� apì ton Brodskii to 1965 kai èqei
melethjeÐ apì arketoÔc ereunhtèc. Sto pèmpto kef�laio orÐzoume thn ènnoia tou
trigwnikoÔ oloklhr¸matoc wc proc èna prìtupo miac nest-�lgebrac kai melet�me
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th sÔgklis  tou wc proc thn topologÐa thc nìrmac sto sÔnolo B(H) twn fragmè-
nwn telest¸n epÐ tou H. Melet�tai epÐshc h Ôparxh tou olklhr¸matoc p�nw sta
summetrik� ide¸dh Cp, 1 < p < ∞ kai Cω twn sumpag¸n telest¸n kai apodeiknÔetai
ìti k�je telest c sto Cω diasp�tai se �jroisma dÔo telest¸n, enìc pou an kei sto
jewroÔmeno prìtupo kai enìc �llou pou an kei sumplhrwmatikì prìtupo.

1. Pertubation of a nest algebra module

Oi Fall, Arveson and Muhly to 1979 melèthsan kai qarakt risan tic sumpageÐc
diataraqèc miac nest �lgebrac, apodeiknÔontac ìti h sumpag c diataraq  miac nest
�lgebrac me antÐstoiqo nest probol¸n N , eÐnai h �lgebra twn telest¸n pou eÐnai
hmitrigwnikoÐ wc proc to nest N . Oi Erdos kai Power to 1980 melèthsan ta asjen¸c
kleist� ide¸dh kai prìtupa nest algebr¸n, ta opoÐa èqoun idiìthtec parìmoiec me
autèc twn nest algebr¸n. Apèdeixan ìti se sugkekrimènec peript¸seic, ìpwc ìtan o
omomorfismìc pou perigr�fei to prìtupo eÐnai suneq c, tìte ta apotelesmata twn
Fall, Arveson and Muhly metafèrontai saut  th genikìterh perÐptwsh.

H ergasÐa aut  anafèretai sth sumpag  diataraq  enìc protÔpou miac nest �l-
gebrac. Nest eÐnai èna diatetagmèno sÔnolo orj¸n probol¸n, me th di�taxh twn
jetik¸n telest¸n kai nest �lgebra eÐnai h �lgebra twn fragmènwn telest¸n pou
af noun analloÐwtec tic probolèc tou nest. Sthn ergasÐa aut  orÐzetai mia kai-
noÔrgia ènnoia, h ènnoia tou hmitrigwnikoÔ telest  wc proc èna prìtupo miac nest
�lgebrac, qwrÐc na epib�lletai kanènac periorismìc gia ton antÐstoiqo omomorfi-
smì (p.q. sunèqeia k.l.p.) kai apodeiknÔetai ìti h sumpag c diataraq  tou protÔpou
tautÐzetai me to sÔnolo twn hmitrigwnik¸n telest¸n wc proc to prìtupo (Therem
3). Autì to apotèlesma apoteleÐ thn kalÔterh dunat  genÐkeush tou antÐstoiqou
apotelèsmatoc gia nest �lgebrec. Mia shmantik  diaforopoÐhsh, apì aut  tou nest,
pou dhmiourgeÐ arket  duskolÐa, eÐnai ìti gia ton orismì tou protÔpou upeisèrqe-
tai kai h eikìna, mèsw tou omomorfismoÔ, tou nest pou eÐnai arket� diaforetik 
apì to arqikì nest. Sthn eikìna k�poiec probolèc tautÐzontai kai k�poiec �llec
paralleÐpontai. Gia thn par�kamyh aut c thc duskolÐac apodeiknÔetai o tÔpoc thc
apìstashc telest  apì to prìtupo (Lemma 1), opoÐoc sth sunèqeia qrhsimopoieÐtai
gia thn apìdeixh tou basikoÔ jewr matoc.

2. Full operators and Approximation of inverses

'Estw X ènac q¸roc Banach. EÐnai gnwstì ìti an o X eÐnai peperasmènhc di�-
stashc kai T eÐnai ènac antistrèyimoc telest c epÐ tou X tìte up�rqei polu¸numo
p tètoio ¸ste T−1 = p(T ). Epeid  to apotèlesma autì den isqÔei genik� sthn
�peirh di�stash, akìma kai sthn asjen  topologÐa telest¸n, eÐnai endiafèron na
brejoÔn ikanèc sunj kec all� kai ikanèc kai anagkaÐec sunj kec, ¸ste o antÐstro-
foc T−1 na eÐnai asjenèc ( isodÔnama isqurì) ìrio poluwnÔmwn tou T . Tètoiec
sunj kec èqoun dojeÐ apì touc Feintuch, Erdos 1974 kai 1977-78-79, sthn perÐ-
ptwsh pou o X eÐnai q¸roc Hilbert. Sthn ergasÐa aut  melet�tai to antÐstoiqo
prìblhma sthn perÐptwsh pou o q¸roc X eÐnai omoiìmorfa kurtìc q¸roc Bana-
ch, ìpou ìqi mìno genikeÔontai ta apotelèsmata twn Feintuch, Erdos, all� kai
se orismènec peript¸seic apodeiknÔontai kai isqurìtera (ìpwc p.q. Theorem 9).
To basikì ergaleÐo sthn perÐptws  mac eÐnai to Lemma 2, ìpou apodeiknÔetai ìti
ènac telest c eÐnai pl rhc full an to mhdèn den an kei sto qwrikì (spatial) arjmh-
tikì pedÐo V (T ). 'Enac telest c T ∈ B(X) lègetai pl rhc (full) an TM = M
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gia k�je analloÐwto upìqwro M tou T . To qwrikì arijmhtikì pedÐo enìc tele-
st  T eÐnai to sÔnolo V (T ) = {f(Tx) : f ∈ S(X∗), x ∈ S(X), f(x) = 1}, ìpou
S(X) = {x ∈ X : ‖x‖ = 1} kai S(X∗) = {f ∈ X∗ : ‖f‖ = 1}. DÐnontai ikanèc,
kai, anagkaÐec kai ikanèc sunj kec ¸ste o antÐstrofoc enìc telest  T na an kei
sthn asjen¸c kleist  �lgebra A(T, I), pou par�getai apì ton T kai ton tautikì
I. Mia anagkaÐa sunj kh ¸ste o T ∈ A(T, I) eÐnai Lat T ⊆ Lat T−1 kai aut  eÐnai
isodÔnamh me to na eÐnai o T pl rhc. Gia ton lìgo autì dÐnontai ikanèc sunj kec
¸ste o T na eÐnai pl rhc. Sugkekrimèna apodeiknÔetai ìti an to qwrikì arijmhtikì
pedÐo V (T ) tou T den perièqei to mhdèn tìte o T eÐnai pl rhc. Autì to apotèlesma
qrhsimopoieÐtai epÐshc gia na deiqjeÐ ìti k�je analloÐwto nest enìc hmiadÔnamou
telest  eÐnai suneqèc. AkoloÔjwc, epeid  o T−1 ∈ A(T, I) an kai mìno an, o tele-
st c T (n) = T ⊕T ⊕ · · · ⊕T (n copies) eÐnai pl rhc gia k�je n ∈ N, apodeiknÔontai
ikanèc kai anagkaÐec sunj kec ¸ste o T (n) na eÐnai pl rhc gia k�je fusikì arijmì
n.

3. On certain commuting families of rank one operators

Sthn ergasÐa aut  melet¸ntai kathgorÐec mh autosuzug¸n algebr¸n telest¸n.
EÐnai �lgebrec telest¸n epÐ tou q¸rou `2, ìpou oi telestèc èqoun èna dedomèno sÔ-
nolo dianusm�twn wc idiodianÔsmata. Tètoiec kathgorÐec algebr¸n èqoun melethjeÐ
apì touc Erdos (1974) kai Erdos kai Longstaff (1982). To endiafèron autoÔ tou
tÔpou algebr¸n ègkeitai sto gegonìc ìti apoteloÔn prwtarqik� paradeÐgmata mh
autosuzug¸n algebr¸n, gia tic opoÐec, se antÐjesh me tic autosuzugeÐc �lgebrec,
den up�rqei oloklhrwmènh jewrÐa.

Sugkekrimèna exet�zetai h �lgebraA twn telest¸n p�nw ston q¸ro `2 pou èqoun
thn akoloujÐa twn dianusm�twn xn = (1, 1

2 , 1
3 , · · · , 1

n , 0 · · · ), n ≥ 1 wc idiodianÔsma-
ta. ApodeiknÔetai ìti eÐnai mia megistik  antimetajetik  up�lgebra thc �lgebrac
B(`2) twn fragmènwn telest¸n epÐ tou `2. H �lgebra aut  qarakthrÐzetai pl rwc
mèsw miac antimetajetik c oikogèneiac telest¸n t�xhc èna. 'Ena epiplèon endiafè-
ron qarakthristikì stoiqeÐo thc �lgebrac A eÐnai ìti eÐnai topologik� isìmorfh me
ton q¸ro `2, idiìthta pou den thn èqoun �llec gnwstèc antÐstoiqec �lgebrec. Gia
ènan telest  T thc A, prosdiorÐzetai h morf  tou pÐnaka pou antistoiqeÐ wc proc
thn kanonik  b�sh tou `2 kai me b�sh autì, dÐnontai ikanèc kai anagkaÐec sunj kec,
¸ste o T na eÐnai fragmènoc telest c, qarakthrÐzontai oi telestèc pou èqoun aplèc
idiotimèc, kaj¸c kai oi telestèc pou eÐnai sumpageÐc.

O Nikolskii to 1969 exètase to prìblhma: an up�rqei sumpag c telest c pou na
èqei èna pl rec sÔsthma idiodianusm�twn kai na mhn epidèqetai fasmatik  sÔnje-
sh. Sthn ergasÐa aut  parousi�zetai mia kainoÔrgia kl�sh sumpag¸n telest¸n oi
opoÐoi, en¸ èqoun èna pl rec sÔsthma idiodianusm�twn, ta opoÐa m�lista antistoi-
qoÔn se aplèc idiotimèc, den dèqontai fasmatik  sÔnjesh. Autì apoteleÐ mia nèa
kai diaforetik  ap�nthsh apì ekeÐnh tou Nikolskii, sto parap�nw prìblhma.

Sth sunèqeia jewroÔme thn antÐstoiqh �lgebra pou exet�zoun oi Erdos kai Long-
staff (1982) kai dÐnoume ikanèc sunj kec gia èna sumpag  telest  thc �lgebrac
aut c, ¸ste na eÐnai anaklastikìc kai na dèqetai fasmatik  sÔnjesh.

To 1980 oi Olin kai Thomson apèdeixan ìti k�je upokanonikìc (subnormal) tele-
st c eÐnai anaklastikìc. Mia �lgebra A eÐnai anaklastik  an tautÐzetai me thn �l-
gebra twn telest¸n pou af noun analloÐwto to LatA, dhlad  eÐnai A = Alg LatA.
'Enac telest c T lègetai anaklastikìc an h �lgebra A(T, I) pou par�gei eÐnai ana-
klastik . Ed¸, sthn ergasÐa aut , deÐqnetai ìti kanènac apì touc anaklastikoÔc
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telestèc se ìlec tic �lgebrec pou exet�zontai den eÐnai upokanonikìc   akìmh ìmoioc
me ènan upokanonikì kai epomènwc den kalÔptontai apì ta apotelèsmata twn Olin
kai Thomson.

4. Triangular integration with respect to a nest algebra module

H ènnoia tou trigwnikoÔ oloklhr¸matoc enìc telest  se èna q¸ro Hilbert orÐ-
sthke apì ton Brodskii to 1961 kai sth sunèqeia anaptÔqjhke shmantik� me pollèc
efarmogèc. Sthn ergasÐa aut  eis�getai h ènnoia tou trigwnikoÔ olklhr¸matoc
wc proc èna prìtupo miac nest �lgebrac, to opoÐo apoteleÐ genÐkeush tou antÐ-
stoiqou trigwnikoÔ oloklhr¸matoc wc proc mia nest �lgebra. 'Estw E èna pl rec
nest apì probolèc sto q¸ro Hilbert H, A = Alg E h antÐstoiqh nest �lgebra
kai U èna asjen¸c kleistì A-prìtupo. 'Estw E ∈ E kai

∼
E h probol  tou H e-

pÐ tou upoq¸rou {range(XE) : X ∈ U}. Tìte h
∼
E eÐnai analloÐwth apì thn A

kai �ra
∼
E ∈ E . OrÐzetai ètsi ènac arister� suneq c omomorfismìc di�taxhc ϕ,

ϕ(E) =
∼
E apì to E ston eautì tou, opoÐoc prosdiorÐzei pl rwc to prìtupo. EÐnai

U = {X ∈ B(H) : (I −
∼
E)XE = 0 ∀ E ∈ E}. An f eÐnai mia apeikìnish apì to

E ston B(H) tìte to trigwnikì olokl rwma thc f wc proc to prìtupo U orÐzetai
wc to trigwnikì olokl rwma thc sÔnjeshc f ◦ ϕ wc proc to nest E . Eidikìtera, an
A ∈ B(H), f(E) = EA, P = {Ei : 1 ≤ i ≤ n} mia diamèrish tou E , ∆Ei = Ei−Ei−1

kai FP = {Fi ∈ E : Ei−1 ≤ Fi ≤ Ei, 1 ≤ i ≤ n}, tìte to olokl rwma wc proc to
prìtupo orÐzetai wc:

∼
T (A) = lim

P

n∑

i=1

∼
F iA∆Ei.

Sthn ergasÐa aut  gÐnetai pl rhc melèth thc Ôparxhc kai sÔgklishc autoÔ tou
oloklhr¸matoc, qarakthrÐzontac ekeÐnouc touc telestèc gia touc opoÐouc to olo-
kl rwma sugklÐnei. ApodeiknÔetai ìti to olokl rwma sugklÐnei an kai mìno an, o
telest c gr�fetai wc �jroisma dÔo telest¸n pou an koun antÐstoiqa se dÔo {du-
ðk¸c} suzug  sÔnola, ta opoÐa orÐzontai kat�llhla. Me ton orismì tri¸n �llwn
trigwnik¸n oloklhrwm�twn, tou �nw trigwnikoÔ oloklhr¸matoc, tou k�tw trigwni-
koÔ oloklhr¸matoc kai tou diagwnÐou oloklhr¸matoc:

∼
L(A) = lim

P

n∑

i=1

∼
Ei−1A∆Ei

∼
U(A) = lim

P

n∑

i=1

∼
EiA∆Ei

∼
D(A) = lim

P

n∑

i=1

∆
∼
EiA∆Ei

melet�tai h sÔgklish tou oloklhr¸matoc kai apodeiknÔontai oi di�forec sqèseic
pou sundèoun ta oloklhr¸mata aut�.

Efarmog  twn parap�nw gÐnetai eidikìtera stouc sumpageÐc telestèc. Apodei-
knÔetai ìti to diag¸nio olokl rwma gia èna sumpag  telest  up�rqei p�nta kai ìti
an o telest c an kei sto prìtupo kai to nest eÐnai suneqèc, tìte o telest c orÐzetai
pl rwc apì to pragmatikì   to fantastikì tou mèroc.
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Melet�tai epÐshc h sÔgklish tou oloklhr¸matoc gia telestèc pou an koun sta
summetrik� norm ide¸dh Cp, 1 ≤ p ≤ ∞ kai Cω twn sumpag¸n telest¸n. Apo-
deiknÔetai ìti ta dÐktua twn merik¸n ajroism�twn twn �nw, k�tw kai diag¸niwn
oloklhrwm�twn sugklÐnoun p�nta sta ide¸dh Cp. Eidikìtera, an to nest eÐnai sune-
qèc, tìte k�je telest c sto Cω diasp�tai se �jroisma dÔo telest¸n pou an koun
sto prìtupo kai sto suzugèc prìtupo antÐstoiqa. Epiplèon h sunj kh X ∈ Cω eÐnai
ikan  kai anagkaÐa gia na sugklÐnei to olokl rwma wc proc k�je prìtupo k�je su-
neqoÔc nest. Ta apotelèsmata aut� eÐnai genikeÔseic antÐstoiqwn apotelesm�twn
pou apèdeixe o Machaev gia nest �lgebrec. Gia thn apìdeixh twn apotelesm�twn
aut¸n anaptÔssontai kat�llhlec teqnikèc, gia na upernikhjoÔn oi duskolÐec pou
prokÔptoun tìso apì ton omomorfismì pou perigr�fei to prìtupo, ìso kai apì thn
èlleiyh summetrikìthtac, (wc proc to suzugèc), twn sunìlwn pou orÐzontai gia to
prìtupo kai paÐzoun ton antÐstoiqo rìlo, pou paÐzei to radical gia tic �lgebrec.

5. Nest space decomposition for an operator in Cω

Sthn ergasÐa aut  genikeÔontai apotelèsmata thc ergasÐac [D4] pou aforoÔn
telestèc sto summetrikì ide¸dec Cω. Oi teqnikèc pou qrhsimopoioÔntai ed¸ eÐnai
entel¸c diaforetikèc apì autèc pou qrhsimopoiÔntai sthn ergasÐa [D4]. To ide¸-
dec Cω, ìpwc kai to suzugèc tou CΩ, eÐnai uposÔnola tou sunìlou twn sumpag¸n
telest¸n kai orÐzontai wc:

Cω = {A ∈ K(H) : Σ∞i=1

1
i
si(A) < ∞}

CΩ = {A ∈ K(H) : sup
n

Σn
i=1si(A)
Σn

i=1
1
i

< ∞}

ìpou si(A) eÐnai oi qarakthristikoÐ arijmoÐ tou A, dhlad  h akoloujÐa twn idiotim¸n
tou sumpagoÔc telest  (A∗A)1/2 kat� fjÐnousa seir�, me epan�lhyh thc k�je miac
idiotim c, sÔmfwna me thn pollaplìtht� thc.

'Estw H1, H2 dÔo q¸roi Hilbert, P1, P2 ta sÔnola twn kleist¸n upoq¸rwn twn
H1 kai H2 antÐstoiqa kai M(P1, P2) to sÔnolo ìlwn twn joint-suneq¸n apeikonÐ-
sewn apì to P1 sto P2, oi opoÐec diathroÔn to mhdèn. K�je φ ∈ M(P1, P2) orÐzei
èna sÔnolo telest¸n, pou sumbolÐzetai me Opφ, kai eÐnai to:

Opφ = {A ∈ B(H1,H2) : AP1 ⊆ φ(P1) ∀ P1 ∈ P1}.
'Otan èna apì ta P1, P2 eÐnai olik� diatetagmèno tìte to antÐstoiqo sÔnolo Opφ lè-
getai nest q¸roc. Qrhsimopoi¸ntac to trigwnikì olokl rwma wc proc èna prìtupo
miac nest �lgebrac, thn apeikìnish φ kai ton antÐstoiqo nest q¸ro Opφ, apodeiknÔ-
etai ìti k�je telest c sto ide¸dec Cω gr�fetai wc �jroisma dÔo telest¸n, ìpou
o ènac prosjetèoc an kei ston nest q¸ro Opφ kai o �lloc an kei ston nest q¸ro
Opσ, ìpou σ eÐnai h suzug c apeikìnish thc sun-apeikìnishc (co-map) thc φ.

6. The module factorization of operators on Hilbert space

EÐnai gnwstì ìti h epÐlush exis¸sewn me telestèc eÐnai sten� sundedemènh me to
prìblhma paragontopoÐhshc twn telest¸n aut¸n wc proc èna nest E orjog¸niwn
probol¸n s' èna q¸ro Hilbert H.

'Otan ènac telest c A ∈ B(H) èqei th morf  A = ST , lème ìti h morf  aut 
eÐnai mia paragontopoÐhsh tou telest  A wc proc èna nest E , an o telest c S
af nei analloÐwtec tic probolèc tou E kai o T ta orjog¸nia sumplhr¸mata twn
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probol¸n aut¸n, dhlad  tic probolèc tou nest E⊥. Paragontopoi seic tètoiou
tÔpou melet jhkan prwtarqik� apì touc Gohberg kai Krein to 1970.

Sthn ergasÐa aut  eis�goume th nèa ènnoia thc paragontopoÐhshc ènìc telest 
wc proc èna prìtupo U thc nest �lgebrac Alg E , orÐzoume thn ènnoia thc kanonikì-
thtac miac paragontopoÐhshc wc proc to jewroÔmeno prìtupo U kai taxinomoÔme ta
di�fora eÐdh twn paragontopoi sewn pou prokÔptoun. DeÐqnoume ìti den mporoÔ-
me na èqoume thn kat� fusikì trìpo genÐkeush twn kanonik¸n paragontopoi sewn
wc proc èna nest, wc proc to zeÔgoc twn protÔpwn U ,U⊥, dikaiolog¸ntac ètsi
giatÐ eÐnai aparaÐthto na orÐsoume kanonikèc paragontopoi seic wc proc to zeÔgoc
protÔpwn U , (U⊥)∗.

Sugkekrimèna orÐzoume paragontopoi seic thc morf c A = ST , ìpou S ∈ U ,
S−1 ∈ (U⊥)∗, T ∈ U⊥ kai T−1 ∈ U∗. Epiplèon dÐnoume ikanèc kai anagkaÐec
sunj kec ¸ste ènac jetikìc antistrèyimoc telest c A na paragontopoieÐtai sth
morf  A = S∗S, ìpou S ∈ U kai S−1 ∈ (U⊥)∗. To apotèlesma autì apoteleÐ
genÐkeush tou kÔriou apotelèsmatoc miac ergasÐac tou Feintuch (1982).

7. Full operators on reflexive Banach spaces

Sthn pr¸th enìthta thc ergasÐac aut c genikeÔontai ìla ta apotelèsmata thc
ergasÐac [D2] apì omoiìmorfa kurtoÔc q¸rouc Banach, se anaklastikoÔc q¸rouc
Banach. EÐnai gnwsì ìti k�je omoiìmorfa kurtìc q¸roc Banach eÐnai anaklastikìc,
all� ìqi antÐstrofa. Epiplèon deÐqnoume, mèsw enìc paradeÐgmatoc, ìti oi sunj kec
{0 6∈ V (T ) } (1) kai {T eÐnai pl rhc} (2) den eÐnai isodÔnamec (isqÔei (1)⇒ (2),
all� ìqi antÐstrofa). Sth deÔterh enìthta apodeiknÔoume mia isodÔnamh sunj kh
gia ènan telest  T se èna anaklastikì q¸ro Banach, me th sunj kh { T eÐnai
pl rhc}, h opoÐa sunj kh sqetÐzetai me to Lat (0⊕T ). Sth sunèqeia qrhsimopoioÔme
th sunj kh aut  gia na apant soume se èna anoiktì er¸thma tou Bravo (1980).
Sugkekrimèna apodeiknÔoume ìti an X eÐnai ènac anaklastikìc q¸roc Banach kai
T ∈ B(H) eÐnai ènac telest c gia ton opoÐo isqÔei 0 6∈ coV (T ) (kurt  j kh tou
qwrikoÔ arijmhtikoÔ pedÐou tou T ) tìte h asjen¸c kleist  �lgebra A(0⊕T ), h opoÐa
par�getai apì ton 0 ⊕ T kai ton tautikì telest , diaqwrÐzetai. IsqÔei dhlad 
A(0⊕T ) = A0 ⊕AT .

8. Partial isometries and extreme points of certain operator
algebras

'Estw H ènac diaqwrÐsimoc q¸roc Hilbert, L ènac pl rwc epimeristikìc sÔnde-
smoc probol¸n kai A = AlgL h �lgebra twn fragmènwn telest¸n pou af noun
analloÐwto k�je stoiqeÐo tou L.

Oi Moore kai Trent (1987) apèdeixan ikanèc kai anagkaÐec sunj kec ¸ste ènac
telest c T thc �lgebrac A na eÐnai akraÐo shmeÐo thc monadiaÐac mp�lac A1 thc
A. Oi sunj kec autèc anafèrontai se ìlec tic probolèc tou L kai autì apoteleÐ
shmantik  duskolÐa gia th melèth twn akraÐwn shmeÐwn thc A1. Gia ton lìgo au-
tì melet�me to prìblhma prosdiorismoÔ kathgori¸n telest¸n thc �lgebrac A, oi
opoÐec apoteloÔntai apì akraÐa shmeÐa. Gia par�deigma oi isometrÐec kai oi sun-
isometrÐac sthn A1 eÐnai akraÐa shmeÐa thc. M�lista deÐqnoume k�ti isqurìtero,
ìti eÐnai isqur� akraÐa shmeÐa. Se èna q¸ro Banach X, èna monadiaÐo di�nusma x
lègetai isqurì akraÐo shmeÐo thc monadiaÐac mp�lac X1 an kai mì an, gia k�je ε > 0
up�rqei δ > 0 tètoio ¸ste gia k�je y ∈ X me max {‖x + y‖, ‖x − y‖} ≤ 1 + δ, na
sunep�getai ‖y‖ ≤ ε.
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Na shmeiwjeÐ ìti k�je isqurì akraÐo shmeÐo eÐnai kai akraÐo shmeÐo. To antÐ-
strofo den isqÔei genik�. EmeÐc apodeiknÔoume ìti se mia norm kleist  �lgebra
telest¸n h opoÐa perièqei touc sumpageÐc telestèc isqÔei kai to antÐstrofo.

Sth deÔterh enìthta melet�me èna sugkekrimèno par�deigma miac tètoiac �lge-
brac apì ìpou prokÔptei ìti up�rqoun merikèc isometrÐec (partial isometries) pou
den eÐnai akraÐa shmeÐa kai up�rqoun akraÐa shmeÐa pou den eÐnai merikèc isometrÐec.
Sth sunèqeia dÐnoume ikanèc sunj kec oi opoÐec anafèrontai ston arqikì kai telikì
q¸ro thc merik c isometrÐac, ¸ste aut  na eÐnai akraÐo shmeÐo. Epiplèon deÐqnoume
ìti mia merik  isometrÐa eÐnai èna akraÐo shmeÐo thc monadiaÐac mp�lac A1 an kai
mìno an, eÐnai megistik  sthn �lgebra A. Tèloc apodeiknÔoume èna anex�rthto kai
genikìterou endiafèrontoc apotèlesma, dÐnontac ikanèc sunj kec ¸ste mia merik 
isometrÐa na an kei se mia anaklastik  �lgebra telest¸n.

9. Factorization with respect to a commutative subspace lattice

Sthn ergasÐa [D6] melet same to prìblhma thc paragontopoÐhshc enìc telest 
wc proc èna prìtupo miac nest �lgebrac, genikeÔontac tic antÐstoiqec paragonto-
poi seic telest¸n wc proc ta nest. To basikì ergaleÐo se autèc tic duo pript¸seic
 tan ta antÐstoiqa trigwnik� oloklhr¸mata. 'Otan to 1989 o KatsoÔlhc ìrise kai
melèthse sth diatrib  tou ta trigwnik� oloklhr¸mata wc proc èna antimetajetikì
sÔndesmo probol¸n, to prìblhma orismoÔ nèwn paragontopoi sewn enìc telest 
wc proc èna antimetajetikì sÔndesmo probol¸n, proèkuye kat� fusikì trìpo. 'H-
tan logikì na epiqeirhjeÐ h epèktash twn mèqri tìte gnwst¸n paragontopoi sewn,
efarmìzontac to nèo autì trigwnikì olokl rwma.

Sthn ergasÐa aut  loipìn orÐzoume paragontopoi seic enìc antistrèyimou te-
lest  A wc proc èna antimetajetikì sÔndesmo probol¸n (c.s.l.) L. Melet�me
paragontopoi seic thc morf c A = ST , opou S ∈ AlgL kai T ∈ AlgL⊥. Oi ori-
smoÐ autoÐ, parìti {formalistik�} eÐnai par�llhloi me touc antÐstoiqouc orismoÔc
gia nest, diafèroun shmantik�, diìti se èna antimetajetikì sÔndesmo den up�rqei h
isqur  idiìthta thc olik c di�taxhc tou nest. Epiplèon eis�goume kai melet�me eidi-
k c morf c paragontopoi seic wc proc touc par�gontec pou upeisèrqontai. Tètoiec
peript¸seic eÐnai p.q. A = (I + B)D(I + C)   A = (I + B)D, ìpou oi telestèc
B, D, C an koun se sugkekrimèna sÔnola. EpÐshc orÐzoume kai melet�me kanonikèc
paragontopoi seic telest¸n wc proc èna (c.s.l.) qrhsimopoi¸ntac th nèa ènnoia tou
trigwnikoÔ oloklhr¸matoc. Tèloc dÐnoume ikanèc kai anagkaÐec sunj kec gia èna
jetikì antistrèyimo telest  A ¸ste na paragontopoieÐtai sth morf  A = BC, ìpou
B, B−1 ∈ AlgL kai C,C−1 ∈ AlgL⊥.

10. On the minimal polynomial of an algebraic operator

'Enac telest c A ∈ B(X) lègetai algebrikìc an up�rqei polu¸numo P (6= 0)
tètoio ¸ste p(A) = 0. Sthn peperasmènh di�stash, wc sunèpeia tou jewr matoc
Cayley-Hamilton, ìloi oi telestèc eÐnai algebrikoÐ. An dim X = n tìte o bajmìc
tou p eÐnai mikrìteroc   Ðsoc tou n. Sthn �peirh di�stash oi pleioyhfÐa twn tele-
st¸n den eÐnai algebrikoÐ. 'Omwc oi algebrikoÐ telestèc èqoun thn idiìthta: ìloi
oi analloÐwtoi upìqwroÐ touc eÐnai peperasmènhc di�stashc. Qrhsimopoi¸ntac aut 
thn idiìthta qarakthrÐzoume ton bajmì deg(A) (o bajmìc tou A orÐzetai wc bajmìc
tou elaqÐstou poluwnÔmou tou), apodeiknÔontac ìti: gia èna algebrikì telest  A,
o bajmìc tou eÐnai n, an kai mìno an, gia èna sugkekrimèno di�nusma x ∈ X ta
dianÔsmata {x, Ax,A2x, ..., An−1x} eÐnai grammik¸c anex�rthta, en¸ ta dianÔsmata
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{x,Ax, A2x, ..., Anx} eÐnai grammik¸c exarthmèna. Eidikìtera sthn perÐptwsh pou o
q¸roc X eÐnai Hilbert kai n = deg(A), qarakthrÐzoume tic n pr¸tec suntetagmènec
k�je dianÔsmatoc x ∈ X, wc pro mia kat�llhlh b�sh. ApodeiknÔoume ìti up�rqoun
n × 1 pÐnakec P,Q ( o Q exart�tai apì to x) kai n × n pÐnakac B, tètoioi ¸ste
xk = Q>Bk−1P , k = 1, 2, ..., n. Sth sunèqeia orÐzoume thn idiìthta (dn) gia èna
analloÐwto upìqwro M tou algebrikoÔ telest  A kai apodeiknÔoume ìti

deg(A) = max{n : n = dim M, M èqei thn idiìthta (dn)}
Tèloc efarmìzoume ta parap�nw, paÐrnontac merikèc efarmogèc sth jewrÐa susth-
m�twn, pou aforoÔn elegqìmena sust mata elègqou.

11. On the nest algebra- module factorizations

H ergasÐa aut  eÐnai sunèqeia kai sumplhrwmatik  thc ergasÐac [D6]. OrÐzontai
eidik c morf c paragontopoi seic telest¸n, ìpwc A = (I + R)S, wc proc èna
prìtupo U miac nest �lgebrac kai apodeiknÔontai nèa apotelèsmata sthn perÐptwsh
pou to prìtupo perigr�fetai apì èna omomorfismì pou eÐnai fjÐnwn. Oi arister�
kanonikèc kai oi kanonikèc paragontopoi seic pou orÐzontai ed¸ (qrhsimopoi¸ntac to
sÔnolo R(E ,∼), to opoÐo apoteleÐtai apì hmiadÔnamouc telestèc) eÐnai diaforetikèc
apì tic paragontopoi seic sthn ergasÐa [D6]. Autì sumbaÐnei diìti o telest c I +
R 6∈ U , afoÔ I 6∈ U . Oi paragontopoi seic autèc den melet jhkan sthn ergasÐa [D6],
diìti den  tan gnwstì ìti to sÔnoloR(E ,∼), sthn perÐptwsh pou omomorfismìc eÐnai
fjÐnwn, apoteleÐtai apì hmiadÔnamouc telestèc. O qarakthrismìc autìc ègine to
1999 apì ton Todorov kai qrhsimopoi jhke sthn paroÔsa ergasÐa.

12. Approximability of the generalized inverse of an operator

'Estw H ènac q¸roc Hilbert kai T ∈ B(H) ènac fragmènoc telest c me kleistì
sÔnolo tim¸n. An o H eÐnai peperasmènhc di�stashc kai o T antistrèyimoc, tìte
up�rqei polu¸numo p ¸ste T−1 = p(T ). Sthn �peirh di�stash autì den isqÔei
genik� akìma kai sthn asjen  topologÐa telest¸n. Gia ton genikeumèno antÐstrofo
enìc mh antistrèyimou telest  T , sthn peperasmènh di�stash o Perl èdeixe ìti o
genikeumènoc antÐstrofoc T † eÐnai polu¸numo tou T an kai mìno an, antimetatÐjetai
me ton T .

Sthn ergasÐa aut  gia èna mh antistrèyimo telest  T me kleistì sÔnolo tim¸n,
dÐnoume ikanèc kai anagkaÐec sunj kec ¸ste o genikeumènoc antÐstrofoc T † na eÐnai
polu¸numo tou T . Sugkekrimèna deÐqnoume ìti o T † eÐnai polu¸numo tou T an
kai mìno an, TT † = T †T kai o T eÐnai algebrikìc telest c. DÐnoume epÐshc ikanèc
sunj kec ¸ste o genikeumènoc antÐstrofoc na eÐnai asjenèc ìrio poluwnÔmwn tou T ,
isodÔnama na an kei sthn asjen¸c kleist  �lgebra A(T, I), pou par�gei o T me ton
tautotikì I. ApodeiknÔoume akìmh, ìti an o T eÐnai fusiologikìc me kleistì sÔnolo
tim¸n, tìte o T † an kei sthn asjen¸c kleist  �stro �lgebra, pou par�getai apì
ton T kai T ∗. Tèloc apodeiknÔoume ìti o genikeumènoc antÐstrofoc enìc telest  T
me kleistì sÔnolo tim¸n, an kei p�nta sthn Von Newmann �lgebra pou par�gei o
T .

13. Generalized inverses and special type operator Algebras

H ergasÐa aut  anafèretai ston genikeumèno antÐstrofo T † enìc mh antistrè-
yimou telest  T me kleistì sÔnolo tim¸n, p�nw se èna q¸ro Hilbert H. O geni-
keumènoc antÐstrofoc eÐnai fragmènoc telest c an kai mìno an, o T èqei kleistì
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sÔnolo tim¸n. Sthn ergasÐa aut : 1. JewroÔme èna telest  peperasmènhc t�xhc
kai dÐnoume analutikì tÔpo gia ton upologismì tou genikeumènou antistrìfou tou.
2. DÐnoume ikanèc kai anagkaÐec sunj kec ¸ste o genikeumènoc antÐstrofoc tou
ginomènou duo t�xhc èna telest¸n na isoÔtai me to ginìmeno twn genikeumènwn a-
ntistrìfwn kat� antÐstrofh seir�. Na shmeiwjeÐ ìti o tÔpoc tou antÐstrofou tou
ginomènou dÔo antistrèyimwn telest¸n (reverse order law) den isqÔei genik� gia touc
genikeumènouc antÐstrofouc. 3. Melet�me ton genikeumèno antÐstrofo tou ginomè-
nou duo telest¸n, ìpou o ènac apì touc par�gontac eÐnai telest c eidik c morf c
kai dÐnoume ikanèc kai anagkaÐec sunj kec ¸ste na isqÔei o (reverse order law).
4. Exet�zoume pìte o genikeumènoc antÐstrofoc enìc t�xhc èna telest  miac nest
�lgebrac, an kei epÐshc sth nest �lgebra kai sumperaÐnoume ìti: an to nest eÐnai
suneqèc, tìte o genikeumènoc antÐstrofoc enìc t�xhc èna telest  den an kei potè
sthn �lgebra aut . 5. DÐnoume ikanèc sunj kec gia èna telest  miac nest �lgebrac
me suneqèc nest, ¸ste o genikeumènoc antÐstrofìc tou na an kei sth nest �lgebra.
6. DÐnoume isodÔnamec sunj kec, oi opoÐec perièqoun genikeumènouc antistrìfouc
telest¸n, ¸ste ènac telest c na paragontopoieÐtai mèsw miac up�lgebrac miac Von
Newmann �lgebrac. To teleutaÐo apoteleÐ mia parallag  tou gnwstoÔ sth Jew-
rÐa Telest¸n probl matoc: An F eÐnai mia C∗-�lgebra me mon�da, A ⊆ F eÐnai mia
up�lgebra me mon�da kai T ∈ F eÐnai ènac antistrèyimoc telest c, pìte mporeÐ na
isqÔei T ∗T = A∗A, ìpou A,A−1 ∈ A?

14. Factorizations of EP operators

'Estw H, K dÔo q¸roi Hilbert kai B(H, K) to sÔnolo twn fragmènwn telest¸n
apì ton H ston K. O Moore-Penrose antÐstrofoc enìc telest  T ∈ B(H, K) me
kleistì sÔnolo tim¸n, eÐnai o monadikìc telest c T † ∈ B(K, H) pou ikanopoieÐ tic
parak�tw tèsseric sunj kec

TT †T = T, T †TT † = T †, (TT †)∗ = TT †, (T †T )∗ = T †T.

'Enac telest c T ∈ B(H) lègetai EP an N (T ) = N (T ∗), isodÔnama an TT † = T †T .
O Perl èdeixe ìti ènac pÐnakac T eÐnai EP an kai mìno an, mporeÐ na grafeÐ sth
morf  U(A ⊕ 0)U∗, ìpou U eÐnai orjomonadiaÐoc   isomorfismìc kai o A epÐshc
isomorfismìc. Parìti k�je EP telest c gr�fetai se mia tètoia morf , aut  h morf 
en¸ qrhsimopoi jhke sth melèth twn EP telest¸n, den èqei ìmwc qrhsimopoihjeÐ
mèqri t¸ra ston qarakthrismì aut¸n twn telest¸n.

Sthn ergasÐa aut  qarakthrÐzoume touc EP telestèc qrhsimopoi¸ntac di�forec
morfèc paragontopoi sewn. Sthn enìthta trÐa qarakthrÐzoume EP telestèc mèsw
thc paragontopoÐhshc U(A ⊕ 0)U∗ all� kai mèsw paragontopoÐhshc Ðdiac morf c,
sugqrìnwc twn T kai T ∗   twn T kai T †   twn T ∗T kai T ∗T . Gia th melèth EP pin�-
kwn qrhsimopoi jhkan epÐshc paragontopoi seic thc morf c T ∗ = V T kai T = BC.
O Perl èdeixe ìti o pÐnakac T eÐnai EP, an kai mìn an, up�rqei isomorfismìc V tè-
toioc ¸ste T ∗ = V T . Sthn tètarth enìthta deÐqnoume ìti sthn pragmatikìthta den
qrei�zetai o V na eÐnai isomorfismìc, all� arkeÐ na eÐnai ènac {1-1} telest c kai
d¸same polloÔc nèouc qarakthrismoÔc EP telest¸n, aut c thc morf c. Apodei-
knÔoume epÐshc me kat�llhla pardeÐgmata ìti oi sunj kec pou anafèroume eÐnai oi
kalÔterec dunatèc kai ìti autèc exasfalÐzoun touc genikìterouc dunatoÔc qarakth-
rismoÔc. Sthn teleutaÐa enìthta melat�me paragontopoi seic thc morf c T = BC,
ìpou B eÐnai {1-1} me kleistì sÔnolo tim¸n kai o C eÐnai {epÐ}. DÐnoume tèssera
jewr mata ta opoÐa qarakthrÐzoun EP telestèc mèsw tètoiwn paragontopoi sewn.
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Tèloc anafèroume ìti ta perissìtera apì ta apotelèsmata stic treÐc teleutaÐec
enìthtec dÐnoun nèouc qarakthrismoÔc kai gia EP pÐnakec.

15. A definition of numerical range of rectangular matrices

To arijmhtikì pedÐo enìc n × n migadikoÔ pÐnaka A orÐzetai wc to sumpagèc
kai kurtì sÔnolo F (A) = {x∗Ax ∈ C : x ∈ Cn, x∗x = 1} kai apoteleÐ antikeÐmeno
èreunac gia toul�qiston ennèa dekaetÐec. EÐnai qarakthristikì pwc h kurtìthta tou
apodeÐqjhke apì ton F. Hausdorff to 1919. To stajerì endiafèron twn ereunht¸n
gia to sugkekrimèno sÔnolo ofeÐletai tìso stic idiaÐterec gewmetrikèc tou idiìthtec
kai th sten  touc sqèsh me tic idiìthtec tou pÐnaka, ìso kai stic polu�rijmec efar-
mogèc tou idÐou kai twn genikeÔsewn tou. 'Eqei m�lista odhg sei sth dhmosÐeush
perissìterwn twn exakosÐwn ereunhtik¸n ergasi¸n.

Sthn ergasÐa aut , proteÐnetai ènac orismìc arijmhtikoÔ pedÐou gia mh tetra-
gwnikoÔc pÐnakec, me kÐnhtro th gnwst  sqèsh

F (A) = {µ ∈ C : ‖A− λIn‖2 ≥ |µ− λ|, ∀λ ∈ C} .

Sugkekrimèna, gia dÔo n×m pÐnakec A,B kai mia nìrma pin�kwn ‖ · ‖, orÐzoume to
arijmhtikì pedÐo tou A wc proc ton B na eÐnai to sumpagèc kai kurtì sÔnolo

W‖·‖(A;B) = {µ ∈ C : ‖A− λB‖ ≥ |µ− λ|, ∀λ ∈ C} .

ApodeiknÔoume basikèc idiìthtec tou W‖·‖(A;B), epekteÐnontac idiìthtec tou kla-
sikoÔ arijmhtikoÔ pedÐou, kai sqoli�zoume ton proteinìmeno orismì. ApodeiknÔoume
epÐshc ìti sthn perÐptwsh pou h nìrma ‖ · ‖ proèrqetai apì eswterikì ginìmeno
pin�kwn (ìpwc h nìrma Frobenius), to pedÐo W‖·‖(A;B) eÐnai p�nta kuklikìc dÐskoc.
Epiplèon, dikaiologoÔme thn epilog  tou B antÐ tou pÐnaka

In,m =





In, n = m
[ In 0 ] , n < m[

Im

0

]
, n > m

,

pou apoteleÐ fusik  genÐkeush tou monadiaÐou pÐnaka In, kai melet�me th sqèsh tou
W‖·‖(A; B) me tic idiotimèc twn mh tetragwnik¸n pin�kwn.


